We consider a class of shock-loading experiments which, as a result of solid-to-solid phase transitions, give rise to certain characteristic patterns consisting of two shock-like waves. We show that the single assumption that stresses in a phase cannot lie beyond the transition boundaries leads to a complete mathematical description of the physical problem at hand. In detail, our model only requires knowledge of well studied material observables: the equations of state (EOS) for the pure phases and the phase transition boundaries. The model presented here is di erent from others proposed in the literature: it does not make use of kinetic relations and it accounts for the observed wave histories without parameter tting. In presence of well-accepted EOS for the pure phases, our model leads to close quantitative agreement with a wide range of experimental results.
Introduction
Ever since the famous 1956 experiments by Bancroft et al. leading to the discovery of the -transition in iron 1], shock-induced polymorphic phase transitions in solids have received sustained attention in the literature. Shock w aves in solids are often produced by the impact of a (planar) projectile which l e a d s t o ( e s s e n tially planar) fronts propagating through a at slab. The phase transitions we consider manifest themselves through a rather peculiar phenomenon: upon impact, not one but two parallel shock-fronts are induced in the slab 2, 3] . In this paper we show that a single, well-substantiated critical condition captures the essence of the phenomena under consideration. Our model results in predictions in close quantitative agreement with a wide variety of experimental results and, unlike other models considered previously, it does not require use of tting parameters.
The main emphasis of previous analyses 4, 5] lies on metastability and the kinetics of the transformation processes. The resulting models depend on a variety of material parameters and functions which are di cult to obtain. As we shall show, the major aspects of the shock-induced transition processes under consideration can in fact becaptured without recourse to such detailed information. Secondary corrections to our model, including deviation from planarity | due to the in uence of edges and the nite size of specimens | as well as e ects associated with microstructure and partial transformation of the material, which are not discussed here, can also be incorporated.
As mentioned above, in the experiments under consideration phase transitions result from the impact of a planar projectile on the free surface of a at slab. The impact occurs at the surface labeled ITI (Impactor-Target Interface) manifestations of the ensuing phenomena are recorded through the particle-velocity histories at the surface opposite to the ITI. Typical experimental particle-velocity histories are shown in the left portions of Figure 4 note the rather prominent two-wave structure manifested in these graphs. It is known that such twowave structures are intimately related to phase transitions. As a characteristic feature of these waves we note their extremely short rise-times. Our description of the physics of such processes is based, in fact, on consideration of such fast dynamics, which has beenrecognized beforeas clear evidence of the martensitic nature of the shock-induced phase transition 2, 3, 6{8].
Martensitic transformations are non-di usive: they arise as a result of transitions between two crystal structures | based on a cooperative motion of many atoms on short distances | and they are associated with fast and large macroscopic shape changes. An idealized in nite transformation rate leads naturally to the critical stress condition which is the centerpiece of our theory. To i n troduce our postulate let us consider rst a simpli ed context in which stresses are purely hydrostatic and phase transitions lead to purely dilatational, volume-decreasing shapechanges. In this context, in nite transformation rates imply that, at any given temperature, the pressure in the untransformed (austenitic) phase cannot exceed the pressure of transformation. Indeed, a pressure value above the transformation pressure would lead to immediate transformation to the lower-volume martensitic phase. This reduction of speci c volume leads, in turn, to a corresponding immediate reduction in pressure. Our postulate thus follows: the pressure i n the austenite cannot exceed a critical value which equals the (temperature d e p endent) transition pressure | compare the corresponding formulation given in 9] for the low-stress case.
In the context of general stress states, in nite transformation rates imply that, at any given temperature, the austenitic phase cannot be subject to stresses outside a certain critical surface, since stresses outside the critical surface would lead to immediate transformation to the martensitic phase, with a consequent deformation leading to reduction of the stress.
1. The stress in the austenite cannot lie outside a (temperature dependent) critical-stress surface S F . 2. The stress in the martensite cannot lie inside a (temperature dependent) critical-stress surface S B .
It should be noticed that this postulate does not require the critical surface S F for the for-ward austenite to martensite transition to coincide with the critical surface S B for the reverse transition from martensite to austenite. Thus the present framework is fully consistent with the well documented 2] existence of pressure hysteresis. Also, for single crystals (or, indeed, highly oriented polycrystals) our postulate implies that the transformation is completed across an in nitely thin front, and no regions of mixed phases occur. In lower grade polycrystals and for certain ranges of stresses, however, a transition from austenite to an austenite-martensite mixture with various volume fractions is possible 2, 3, 8] . The relevant relationships between stresses and corresponding transformation patterns in a polycrystal can beobtained through rigorous homogenization procedures similar to those considered in 10]. A full investigation of the details of shock induced phase transitions under such general conditions will be left for future work. This paper is organized as follows: after a qualitative description presented in Section 2, Section 3 introduces the necessary notations and formalisms. A detailed analysis of the initial development of the ow resulting from the impact of the yer on the target is given in Section 4. Finally, the solution of a variety of initial boundary value problems associated with corresponding experimental con gurations and comparison of theory and experiment are presented in Sections 5.
Plane Shock Con guration: Qualitative description
As we m e n tioned above w e consider shock-compression experiments in which, due to the impact of a planar projectile, normal forces are applied uniformly over the face of a material slab (called ITI) at the moment of the impact. The measurements are taken in the central part of the face opposite to the ITI. The ratio of the lateral to the transversal dimensions is always chosen so that all the measurements are completed beforethe arrival of any release wave originating at the lateral faces of the slab. This allows us to assume the slab is of in nite lateral extent. Moreover, when the material of the slab is e ectively isotropic or it has some lower symmetry (e.g. hexagonal) and the slab is suitably oriented, the motion is one-dimensional | in the direction of the coordinate axis x = x 1 normal to the ITI.
The yer-target impact results in a virtually discontinuous velocity increase of the impacted target boundary. To present our interpretation of the underlying physical processes and the origin of the two wave structure, however, we beginwith a description of the initial stages of the experiment, when the velocity of the ITI rises continuously from zero to a certain value u in a very small but nonzero time interval t . (The t = 0 limit is, of course, completely appropriate in our context corresponding explicit solutions are described in the latter portions of this paper.)
Initially the target is in a state of zero velocity u = 0, zero normal stress and room temperature = r . (In this paper the negative of the normal stress is denoted by the symbolq w e are presently assuming that initially q = 0 in the target. Note that, for a hydrostatic stress q equals the pressure p.) At t = 0 the yer, which is traveling at speed u f , hits the target. After this
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Figure 1: The yer hits the target.
time the ITI is subject to a positive acceleration X(t) > 0 and, after a small time interval t , the target boundary travels at an essentially constant speed u = _ X(t ). For su ciently small values of u f the negative normal stress q will remain below its critical value throughout the sample and no transformation will occur. Thus, this case, which is mathematically equivalent to the classical problem of shock-front generation resulting from the compressive motion of a piston 11], leads to a single shock front traveling through the target.
At a certain higher value of u f = u f crit the critical stress will be attained at a single surface within the sample, namely the ITI, but a higher value of q will not occurat any time within the target. According to our model, thus, no phase transition is feasible in this case either and the single front con guration persists. Let us consider, then, a slightly higher value of u f for which such a single front structure is no longer viable in our model. For such larger values of u f a single front con guration would result in a growing layer of super-critical stress behind the shock front and adjacent to the ITI 11] . In this case, thus, the austenite at the ITI is eventually unable to sustain the stress imposed on it, and, therefore, the ITI acceleration must be accommodated through the volume-decreasing phase transition. That is, a thin layer in the target adjacent to the ITI transforms into martensite and the austenite-martensite interface moves into the material following the shock front. All of the material between the ITI and the moving transition front is in the martensite phase. The speed of this austenite-martensite interface is exactly the one needed in order to keep all austenite stresses q at or below critical values naturally, the speed of the transformation front increases with u f .
The two-wave structure thus emerges directly from our main postulate. Now, taking the limit as t ! 0 we obtain the appropriate discontinuous description: the ITI velocity rst jumps from 0 to u instantaneously and, from then on, it remains equal to u . For t > 0 and before wave re ections and interactions occur, three alternatives are possible depending on the magnitude of u f : there may b e a s i n g l e s h o c k front, a shock front followed by a transition front or a single transition front see Figure 1 for a depiction of the two-front case. To visualize the occurrence of the latter case consider a sequence of two-wave experiments with subsequently increasing values of u f . The speed of the transition front will increase accordingly and, at a certain value u f = u f doub , it will equal the shock speed. (Note that the speed o f t h e shock front stays constant for u f crit u f u f doub since the stress in the region between the shock and the transition fronts must necessarily assume its critical value, as explained below.) Clearly, a single transition front structure will occur for all higher values of u f . Note that, in this t = 0 limit, all discontinuities are initiated at the origin x = 0 at time t = 0, and they move with constant speeds. The state of the material between any t wo discontinuities is uniform, and it is determined by a triple (q u) o f v alues which does not vary with time. Consequently, to solve our problem in its initial stages we need to obtain the velocities of the discontinuities as well as the triples (q u) for the regions between discontinuities.
Mathematical Formulation: Uniaxial Strain
In the con gurations discussed in Section 2 both the yer and the target are subject to uniaxial strain see e.g. 6]. The uniaxial strain condition greatly simpli es the mathematical description of the problem.
The thermodynamic properties of a single-phase thermoelastic medium are completely determined by its speci c internal energy U(E ij S), a function of 6 components of the symmetric material strain tensor E ij and of the speci c entropy S. The symmetric Cauchy stress tensor ij and the temperature are given through rst derivatives of U see e.g. 12, 13]. In the uniaxial strain case U e ectively becomes a function of only two v ariables: the speci c volume v and the speci c entropy S. In this case, the normal stress 11 is distinguished from the other components of the stress tensor as it is the only component explicitly entering the equations of motion (3). (To streamline our presentation along the intuition familiar in inviscid gas dynamics, however, we use the negative normal stress q = ; 11 as the single stress variable. In the hydrostatic case q is equal to the pressure, p = ;( 11 + 22 + 33 )=3 in the general case, however, q = p + ( ( 22 ; 11 ) + ( 33 ; 11 ))=3 6 = p.)
As we h a ve mentioned, our description of media capable of phase transitions requires introduction of certain critical surfaces S F and S B (in 7-dimensional stress-temperature space) in addition to the equations of state (EOSs) U A and U M for the pure austenite and pure martensite phases. The surfaces S F and S B characterize the domains beyond which each one of the phases may not exist. The critical surfaces S F and S B assume a particularly simple form in the case of uniaxial strain. They reduce to the critical normal-stress curves in the two-dimensional (q )-plane: q = q F ( ) and q = q B ( ) : (
Combining critical stress relations and pure-phase EOSs we may write a single EOS for the material capable of phase transitions
Remark 1 We note that, when q B ( ) < q < q F ( ) t h e t wo phases may coexist. Our postulate is meant to imply, h o wever, that phase transitions only occur when needed to avoid supercritical stresses.
The evolution of the material is governed by the equations of conservation of mass, momentum and energy. Under an assumption of smoothness, the conservation laws are given by the partial di erential equations Two types of discontinuity surfaces may exist in the material: (i) contact discontinuities and (ii) shock and transformation fronts. At a discontinuity surface which is either a shock or a transformation front the conservation laws take form of jump conditions (4) Here s denotes the velocity of the discontinuity Q b and Q a denote the limiting values of a quantity Q behind and ahead of the discontinuity, respectively. As usual, the side of the discontinuity through which the material particles enter it is called the side ahead of the discontinuity the other side is called the side behind the discontinuity. Unlike fronts, contact discontinuities do not move with respect to adjacent material particles | they are material surfaces. As a result, at a contact discontinuity the conservation laws (3) assume form of the requirement that the normal stress and the particle velocity are continuous across the contact discontinuity: q l = q r and u l = u r (5) where Q l and Q r denote the limiting values of a quantity Q left and right o f t h e discontinuity, respectively.
4 Initial stages of the solution: three regimes
At impact time the target is in state 1 (q 1 1 u 1 ) = ( 0 r 0) and the yer is in state 4 (q 4 4 u 4 ) = ( 0 r u f ) this initial data constitutes a Riemann Problem (RP) for equations (1){ (2), see 11, 14] . Upon impact, one or two discontinuity fronts are induced in the target (as described above) and, provided no phase changes occur in the impactor, a single shock front is induced in it. In what follows we obtain all the unknown discontinuity speeds and states | triples | = (q u) solely by applying (i) the conservation laws (4) and (5) at the discontinuities, (ii) the EOS (2) for the target and (iii) the corresponding EOS for the impactor, together with (iv) the critical conditions (1).
Remark 2 Our explicit discussion of various regimes below is specialized to the case in which no phase transitions occur in the impactor, as is the case in the experimental con guration of 8] which involves a copper impactor and a graphite target. Further, that brief treatment is restricted to the initial stages of the experiment, before any wave interactions with material surfaces or with other waves take place. Other cases can and have been treated analogously the corresponding results in an iron-yer/iron-target system are re ected in our theoretical results of Figure 5 .
As mentioned in Section 2 three main ranges of the impactor velocity u f values must be considered separately.
Regime A: u f u f crit . In this case only one wave develops in the target see Figure 4 , left. It is a shock front compressing austenite from state 1 to state 2 . The shock front in the yer, on the other hand, compresses the yer material from state 4 to state 3 . States 2 and 3 are connected through a contact discontinuity at the ITI. The eight unknowns of the problem | the triples associated with states 2 and 3 and the speeds s 1 and s f of the shock fronts in the austenite and the yer | are uniquely determined from a corresponding set of eight equations: three conservation laws (4) for each one of the two shock fronts and two continuity conditions (5) for the ITI contact. (The energy U and speci c volume v which occur in equations (4) are eliminated by means of the EOS mentioned in points (ii) and (iii) above.) We emphasize that, by de nition of u f crit , the austenite negative normal stress satis es q 2 q F ( 2 ).
Regime B: u f crit < u f < u f doub . For this range of velocities two waves develop in the target see Figure 1 and Figure 4 , center. The rst wave is a shock front in austenite: austenite in state 1 is compressed to a state crit with the stress and the temperature satisfying equation (1): q crit = q F ( crit ). The second wave is a transition front separating the austenite, compressed to a critical state by the rst wave, and the martensite in state 2 . The shock f r o n t in the yer compresses material from state 4 to state 3 . States 2 and 3 are connected through the ITI contact discontinuity. The twelve unknowns of the problem | the triples associated with states crit , 2 , and 3 and the speeds s 1 , s 2 and s f of the shock front in austenite, the transformation front and the shock front in the yer | are uniquely determined from a corresponding set of twelve equations: three conservation laws (4) at each one of the three fronts, two continuity conditions (5) at the ITI contact, and equation (1) which relates normal stress and temperature in state crit . As we said, the shock front moves faster than the transformation front. As u f approaches u f doub the speed of the transformation front approaches the speed of the shock front. These speeds become equal for u f = u f doub , t h us giving rise to Regime C.
Regime C: u f u f doub . In this case, as in Regime A, only one discontinuity propagates in the target see Figure 4 , right. Through this wave austenite in state 1 is transformed directly to strongly compressed martensite in state 2 . The shock front in the yer compresses material from state 4 to state 3 . States 2 and 3 are connected through the ITI contact discontinuity. States 1 and 4 are known. The eight u n k n o wns of the problem | the triples associated with the states 2 and 3 and the speeds s 1 and s f of the transformation front and the shock front in the yer | are uniquely determined from a corresponding set of eight equations: three conservation laws (4) at each one of the two fronts and two c o n tinuity conditions (5) at the ITI contact. Note that there is no state crit in this regime.
We note that the transformation front in Regime C is similar to a regular shock (or a strong detonation front): it propagates supersonically with respect to the material in front of it and subsonically with respect to the material behind it. The degree of indeterminacy for such kind of discontinuity is zero 11]. The transformation front in Regime B, on the other hand, is similar to a weak de agration front: it is subsonic relative to the states ahead and behindit. There is one degree of indeterminacy for such type of discontinuity a single quantity can and must beprescribed to determine the solution 11]. Our critical normal stress postulate provides the necessary prescription. Indeed, in this regime our postulate is e ectively equivalent to requiring the normal stress in front of the discontinuity to exactly equal q F ( crit ) note that the calculated normal stress behind the transformation front must necessarily be higher than this value.
Quantitative Predictions
We applied our model to two widely-studied polymorphic phase changes: the graphite{diamond transition and the { transition in iron. Thorough experimental investigations of wave proles in shock-loaded materials using projectile impact loading and the high-resolution VISAR interferometer system were reported in 8] for the graphite{diamond transition and in 15] for the { transition in iron. In the experiments presented in 8] the specimen was backed by a LiF window, and the velocity of the specimen-LiF interface was measured as a function of time (see our rendering of those experimental results in Figure 4, left) . In the experiments presented in 15], on the other hand, corresponding results for the iron free surface velocity as function of time were given (see our depiction of these results in Figure 5, left) .
The Regimes A, B and C described in the previous section account for the rst stages of the experiments, up to the time when the leading waves reach material boundaries | s u c h as the free surface and the graphite-LiF interface in the experiments of 15] and 8] respectively. For later times, however, the speci cs of the particular experimental setup should beconsidered, including re ection of waves reaching interfaces, possible phase transitions in the impactor (which can give rise to two wave structures inside the impactor), the secondary waves born in interactions of re ected and incoming waves, etc, so that, as time evolves, many waves are generated through re ections and interactions.
All such e ects have beentaken into account in the derivations leading to the predictions presented in this paper. Full details concerning such derivations have been given in 16, 17] . Here we only note that the results presented below utilize a certain \rarefaction discontinuity approximation", in which rarefaction fans are substituted by rarefaction discontinuities. This approximation allows us to reduce the entire solution of the impact problem to the approximate closed-form solution, which is constructed by piecing together the solutions of the sequence of Riemann problems, RP 1 R P 2 : : : . Here RP 1 denotes the initial RP which arises from the piece-wise constant data on the yer-target system at the impact time t = t 1 , with left and right states equal to the initial states of the yer and the target, respectively. The rest of the RPs, RP 2 R P 3 : : : , arise later as the waves generated in previous RPs reach material surfaces or collide with each other. We point out that comparisons with full numerical simulations 18] show that the rarefaction discontinuity a p p r o ximation utilized here leads to very accurate predictions indeed.
In what follows we describe, in a particular example, some of the main ideas of our analysis: we show details of our derivations in the particular case of the experimental setup leading to the ow depicted in Figure 3 . This experimental setup corresponds to experiment 1 of 15] comparison with a variety of additional experimental results is presented at the end of this section.
The initial stage in experiment 1 of 15] | which is given by the solution to the initial RP, RP 1 , marked 1 in Figure 3 | is very similar to the solution for Regime B described in Section 4. The left-facing wave and the right-facing wave in the solution to RP 1 are compressive split waves transforming austenite into martensite. Either of them consists of a precursor shock front and a transformation front separated by a critical austenitic state. (Note that the main di erence between this solution and the Regime B solution of Section 4 is that in the latter the left-facing wave is a single shock wave.) The solution of the impact problem coincides with the solution of RP 1 up to a time t 2 . At this moment the precursor shock reaches the free-surface. To continue the solution of the impact problem beyond t 2 , one needs to solve the second RP, RP 2 , m a r k ed 2 in Figure 3 . The solution to RP 2 consists of two austenitic states and a vacuum state the austenitic states are separated from each other by a left-facing rarefaction wave and from the vacuum state by a contact discontinuity | the free surface monitored by VISAR.
M A R T E N S I T E A U S T E N I T E V A C U U M
The structure of the solution of the impact problem changes again at a time t 3 . At this moment the transformation front collides with the left-facing rarefaction wave. To continue the solution of the impact problem beyond t 3 , one needs to solve the third RP, RP 3 , marked 3 in . In this case, after the compressive front, transforming austenite to martensite, collides with the rarefying wave in austenite, a \reverse-transformation tendency" prevails. That is to say, the magnitude of u f is small enough for the reverse transformation (from martensite to austenite) to begin at the collision point. At the collision, the direct transformation from austenite to martensite stops, and the reverse transformation, from martensite back to austenite, begins. Namely, in the solution to RP 3 , while the right-facing wave is a compressive front in austenite, the leftfacing wave is a rarefying split wave transforming martensite back to austenite. The left-facing wave consists of a precursor rarefaction wave and a transformation front separated by a critical martensitic state. We need to obtain solutions of three more RPs | RP 4 , RP 5 , and RP 6 , marked 4, 5, and 6, respectively, in Figure 3 where U b (v), q b (v), and b (v) denote the speci c internal energy, the negative normal stress, and the Gr uneisen parameter, respectively, on the reference Hugoniot. A Hugoniot is de ned as the loci of all behind states b which can beconnected to a given ahead state a by single fronts.
For either phase, we used as reference Hugoniot the Hugoniot for which the ahead state a is the austenitic standard state | that is, the austenite at zero velocity u a = 0, at zero normal stress q a = 0, and at room temperature a = r . The choice of this particular reference Hugoniot is commonly made since its ahead state is the state from which Hugoniots are most often measured in experiments 19, 21, 22] . We note that the reference Hugoniot for the austenitic EOS corresponds to shock fronts of Regime A of Section 4 the reference Hugoniot for the martensitic EOS, on the other hand, corresponds to transformation fronts of Regime C of Section 4.
Either of these Hugoniots were speci ed by a simple analytical formula. This was obtained as follows. (8) Then, the substitution of equation (8) into (4) 
where 0 and g 0 are material constants. We note that for the reference Hugoniot for the austenitic EOS, the state 0 was chosen to coincide with the ahead state a for the reference Hugoniot for the martensitic EOS, the state 0 was chosen to coincide with the state doub . The state doub is the martensitic state of Regime C of Section 4 corresponding to u f = u f doub .
The reference Hugoniot (9){(10) together with the Mie-Gr uneisen equation (7) and (11) provide a complete single-phase EOS. The material constants needed for these relations where determined from available experimental data for graphite, diamond, -a n d -iron. An extended presentation including complete set of references to the related experimental literature together with detailed material modeling can be found in 17]. Here we only mention that, although uncertainties arise from estimates made for the functional form of the Gr uneisen parameter of martensite, our predictions of observables turned out to befairly insensitive to the particular form used.
